A RIEMANNIAN DEFINITION OF QUASIREGULAR 

MAPPINGS 



TONY LIIMATAINEN 

Abstract. This article presents a new coordinate invariant definition 
of quasiregular and quasiconformal mappings on Riemannian manifolds. 
The definition generalizes the definition of quasiregular mappings on R" 
and it arises naturally from the inner product structures on Riemannian 
manifolds. We establish the basic properties of the mappings satisfying 
the new definition and prove a natural convergence theorem for these 
mappings. These results are applied in a subsequent paper iI6 . We 
also give an application of these results that demonstrates the usability 
of the new definition. We prove the existence of an invariant conformal 
structure for countable quasiconformal groups on general Riemannian 
manifolds. This result generalizes a result by Tukia i25j in the countable 
case. 



1. Introduction 

The standard analytic definition of a quasiregular mapping (/> : 17 — t- M", 
O open in M", is given by the distortion inequality 

m\\l<KJ^. (1.1) 

Here D(p is the differential of (p and 

\\D(t>\\op= sup \iD^)X\ 
\x\=i 

is its operator norm. The norms of the vectors are given by the Euclidean 
inner product and the quasiconformality constant K is assumed to be greater 
than or equal to 1. The natural regularity assumption is that the mapping 
(f) belongs to the Sobolev space W^/;"(17,M") and 1^ is assumed to hold 
for the weak differential Dcj) of a.e. The (weak) Jacobian determinant 
Jff, = det {Dcj)) is assumed to be non-negative or non-positive a.e. on O 

The definition generalizes to mappings between manifolds by declaring 
that the distortion inequality holds in local coordinate systems, but the 
quasiconformality constant K in the resulting definition depends on the 
chosen coordinates. The reason for the coordinate dependence is that the 
Jacobian determinant of a mapping depends not only on the point on the 
manifold, but also on the chosen coordinates. 

Let us explain why the Jacobian determinant is coordinate dependent. 
The Jacobian matrix of a mapping depends on the coordinates of both the 
domain and target spaces. A coordinate transformation on either space 
accounts for multiplication of the Jacobian matrix of the mapping by the 
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coordinate transformation matrix, the differential of the transition function. 
Therefore, the Jacobian determinant of the mapping in the transformed co- 
ordinates depends also on the Jacobian determinant of the transition func- 
tion illustrating the coordinate dependence. 

The source of the coordinate dependence is that the differential Dtj) of a 
mapping i;^ : M — t- at a point p G M is a linear mapping between the 
different tangent spaces TpM and T^(^p^N, while the determinant is defined 
basis independently only for linear mappings from a vector space to itself. As 
the tangent spaces of M" can be identified, there is no inconsistency within 
the defining equation (jl.ip on M". For a mapping between manifolds a 
Jacobian determinant is usually defined by taking the pullback of the volume 
form on the target manifold. Using this approach, the Jacobian determinant 
can be viewed as an n-form on M with n = dim(M). We however use a 
slightly different approach (see Definition [1]) where the Jacobian determinant 
of a mapping is simply a function on M. 

The standard definition of quasiregular (or quasiconformal) mappings be- 
tween manifolds uses coordinate charts whose transition functions are quasi- 
conformal mappings on M". A collection of such coordinate charts, an atlas, 
is called a quasiconformal structure. In this case, a mapping is said to be 
quasiregular if (jl.ip holds in all local coordinate charts for some finite K 
that can depend on the coordinates. This is the approach already mentioned. 
The definition is not coordinate invariant, but the qualitative condition that 
K is bounded is sufficient in many applications. This definition of quasireg- 
ularity has been successfully applied in the solutions of several problems; 
see e.g. |19i [2]. The definition also extends to topological manifolds which 
are not even smooth: except in dimension 4, quasiconformal structures 
can be found even for compact topological manifolds [10, 4J. 

The other common definition is the metric definition of quasiconformal 
mappings on metric spaces, which is valid also for Riemannian manifolds 
where distance functions are given by Riemannian metrics |22t [H]. We also 
mention the definition of quasiregular mappings between Riemannian spaces 
by Reshetnyak [211 Ch. 1.5.]. His definition is closely related to the one we 
give. 

We present a new Riemannian definition of quasiregular mappings for 
mappings between Riemannian manifolds that generalizes the M" definition 
of quasiregular mappings. The mappings satisfying the new definition are 
called Riemannian quasiregular mappings. The definition is independent of 
the choice of local coordinates and uses the standard framework of tensor 
analysis. The freedom to make any choice of coordinates allows us to apply 
techniques and formulas from Riemannian geometry. This fact also estab- 
lishes new connections to other branches in Riemannian geometry and to 
geometric analysis. See 115] for a first step in this direction. The freedom 
to work in arbitrary coordinates might be of practical interest also for the 
study of quasiregular mappings on W\ 

The new definition of quasiregular mappings we give provides systematic 
and quantitative tools to study global questions in the theory of quasiregular 
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mappings in Riemannian geometry. The coordinate dependent standard def- 
inition is less well-suited for some global problems where it is needed to use 
multiple coordinate charts. The metric definition is coordinate invariant, 
but our definition applies in problems that are analytic in nature. The 
defining distortion inequality of Riemannian quasiregular mappings is anal- 
ogous to p.ip . We give an application of the theory we develop to global 
geometry. This is application is explained below. 

The main subjects of this paper are the basic geometric and analytic prop- 
erties of Riemannian quasiregular mappings. Theorem 13.41 illustrates the 
characteristic properties of Riemannian quasiregular mappings and implies 
that these mappings share the same analytic properties as the quasiregular 
mappings defined with respect to a quasiconformal structure. Theorem 13.61 
is a natural convergence theorem for Riemannian quasiregular mappings. 
Some of the results we present are directed to be used in a subsequent 
paper that considers regularity of conformal mappings on Riemannian man- 
ifolds jl6j . That paper presents a natural application of the theory we 
develop and can be considered as a partial motivation for this paper. 

We present an application of geometric nature of the new definition. The 
application generalizes a result by Tukia concerning invariant conformal 
structures for quasiconformal groups [25]. We prove that every countable 
quasiconformal group on a Riemannian manifold admits an invariant con- 
formal structure. Previously this result has been proven only for and for 
n-spheres [25\ 110). By our definition, Tukia's result generalizes straightfor- 
wardly to general Riemannian manifolds. See also [15j for a recent related 
result. 

To prove the existence of an invariant conformal structure for a qua- 
siconformal group, one has to construct a fiber bundle over the manifold 
whose sections are conformal structures. The construction of this bundle is 
presented and we show that the bundle admits an elegant geometry. The 
geometry of the bundle is inherited form the natural geometry of the set 
SL{n) / SO{n) of positive definite symmetric determinant one matrices. 

2. A Riemannian definition of quasiregular mappings 

The Riemannian definition of quasiregular and quasiconformal mappings 
is given via the Riemannian metrics on the manifolds. 

Definition 1. Let </> : {M,g) {N,h) be a Realizable VF/;"(M,iV) map- 
ping between Riemannian manifolds with continuous Riemannian metrics. 
In this case, the mapping (j) is said to be Riemannian K -quasiregular if the 
Jacobian determinant of (p has locally constant sign and if it satisfies the 
distortion inequality 

Trg {^*hf < K'^ Detg a.e. (2.1) 

If the mapping (j) is in addition a homeomorphisms, then (j) is called Rie- 
mannian K -quasiconformal. 

Clarification of the details are in order. The invariant normalized trace 
Tr and the invariant determinant Det above for a general 2-covariant tensor 
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field T = (Tij) G Tq{M) are given in local coordinates by 

Tr, (T) =itr [g-^T) 
Detg (T) = det {g'^T) . 

Here the trace and the determinant on the right hand sides are the usual 
ones for the matrix product g~^T of the representation matrices of g~^ and 
T with respect to any local frame and coframe. Occasionally we omit the 
subscript g from Tr^ (•) and Detg (•) if the Riemannian metric used in the 
definition is clear from the context. 

The Sobolev space W^''^{M, N) of mappings between Riemannian man- 
ifolds is usually defined by isometrically embedding the target manifold N 
to some M.^, where k is large enough, and then defining 

W^^P{M, N) = {ue W^^P{M, M'^) : u{x) G N a.e.}. (2.2) 

Here u is understood as the composition E o (p, where (p : M ^ N and E is 
an embedding of N to some M'^, implicit in the definition. See [6l O [23l 
for details about this definition. For our purposes the following simpler 
definition of Sobolev spaces is enough. This is because we assume that the 
mappings we consider are localizable. 

A mapping (j) is localizable if for every p G M there exist a neighborhood U 
of p and a coordinate neighborhood V of (pip) such that </>([/) is compactly 
contained in V, (j){U) CC V . If p G M, and U and V are as described, 
the restriction (p : U ^ V \s called a localization of at p or simply a 
localization. Note that every continuous mapping is localizable. In fact, 
Riemannian quasiregular mapping can be redefined on sets of measure zero 
to continuous mappings (see Thm. [3^ . Therefore, we could have assumed 
that the mappings in the Definition [1] are continuous without any loss of 
generality. 

The localizability of the mappings allows us to define Sobolev spaces in 
terms of local coordinate charts. We say that cp belongs to the Sobolev space 
Vl^i'P(M, A^), p > 1, if the coordinate representation of every localization 
(p : U — y is in the Sobolev space W^''p{U,V) in M". Here U and V are 
identified with the images of U and V under coordinate charts. This is the 
definition of Sobolev spaces we use. We remark that the same definition 
of Sobolev spaces has also been used in the study of harmonic mappings 
between manifolds [T3|. Local Sobolev spaces W^^^{M, N) are defined in an 
analogous manner. 

Assume that a mapping is localizable and that it belongs to the Sobolev 
space W^'P{M, N) in the sense of (j2.2p . Then the mapping has the property 
that local coordinate representations of the mapping belong to W^''P in M"'. 
This follows from the fact that if U and (V, {y*}) are as in the definition of 
localizability, we can write 

Therefore, is a function on an open subset U of M" that belongs to 
the Sobolev space W^''P{U,]R.) as a composition of a smooth and a Sobolev 
mapping; see e.g. |14[ Thm. 6.16]. It follows that mappings belonging to 
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the Sobolev space W^''P{M, N) in the sense of (j2.2p satisfy the definition of 
Sobolev mappings we use. 

We define the weak dijferential D(j) of in terms of the weak differentials of 
the component functions of the coordinate representation of the locahzations 
of (p. The chain rule of differentiation, valid for compositions of Sobolev and 
smooth mappings Ch. 1. 2. 5.], applied to the transition functions, 
shows that Dcj) is a well-defined bundle map TM — )• TN mapping each 
tangent space TpM to T^f^^-^N . The proof is the same as in the smooth case. 
Naturally, the weak differential is defined only modulo sets of measure zero. 
The (weak) pullback of the Riemannian metric h that appears in Definition[T] 
is defined with respect to the weak differential by the usual formula 

(/>*/i = D(fh\^D(p. 

The Jacobian determinant of (p has locally constant sign if the Jacobian 
determinant of every coordinate representation of every localization is either 
non-negative or non-positive a.e. 

We assume that the manifolds M and N are of equal dimension n > 2, 
oriented and smooth. The Riemannian metrics g and h are continu- 
ous unless otherwise stated. The measures Hg and denote the measures 
defined by the Riemannian volume forms of g and h. These measures are 
equivalent (sets of measure zero are the same) to the ones constructed by 
pull-backing the Lebesgue measures on M"- by using local coordinates and 
partitions of unity. The equivalence is due to the continuity of g and h. 

2.1. Motivation. Let us motivate the given definition of Riemannian quasi- 
regular mappings. The initial motivation for the definition comes from the 
equation 

(j)*h = eg 

defining conformal mappings on Riemannian manifolds. The conformal fac- 
tor c can be solved from the equation in several ways. By taking the invariant 
normalized trace and the invariant determinant, one has 

c = Trg {(t>*h) and c" = Det^ {(P*h) . 

Equating the formulas for c yields 

Tig {(j)*hf = Betg {(t>*h) . 

A relaxation of this equality to an inequality with a factor > 1 gives the 
distortion inequality (|2.1|) . A conformal mapping is 1-quasiregular, and the 
converse is also true as is shown in Proposition 13. II (at least if the regularity 
properties are disregarded) . The appearance of the square of K will become 
apparent later. 

There is a geometrical way to interpret the definition of Riemannian quasi- 
regular mappings. The tangent spaces of Riemannian manifolds M and N 
are equipped with inner products g and h. Thus the (weak) differential of 
(j) at p £ M is a linear mapping between inner product spaces, 

D4> : {TpM,gp) (T^(p)N,h^(^p)). 

It follows that there exists the (formal) adjoint 

D^* : (r^(p)iV,/i^(p)) ^ iTpM,gp) 



A RIEMANNIAN DEFINITION OF QUASIREGULAR MAPPINGS 



6 



of Dcp satisfying 

g{D<l,*U,V) = h^{U,D(l,V), 
for all U G T^(^p-^N and V E TpM at each point p G M. Let us calculate the 
explicit form of the adjoint. 

Let p £ M and choose some local frames on neighborhoods of p G M and 
(/>(p) G A^. Let us denote by (•, •) the standard Euclidean inner product of 
vectors. From the definition of the adjoint we have 

g{DcP*U,V) = h^{U,D(t>V) = {U^h^DW) = {{h^D^fU,V) 

= {Df{h^fU,V) = {Dfh^U,g~^gV) 

= {{g-^fDfh^U,gV) = g{g-^ Df h^U,V). 

Thus the adjoint of D(j) is 

= g-^Dcf^h^. 

The normalized Hilbert-Schmidt inner product of linear mappings T and 
S between inner product spaces is given by 

{T,S) = itr iT*S). 
n 

The induced norm of the (normalized) Hilbert-Schmidt inner product ap- 
plied to now yields 

\\D(^f := (1)0,1)0) = ^XT{g-^Dfh^D<$) = Tt, (0*/i) . 

Thus the invariant normalized trace is the square of the normalized Hilbert- 
Schmidt norm of 1)0 : (TM,g) — )• {TN,h). We also define yet another 
determinant as the square root of Det {(t)*h), 

Det {Dtp) := det (Z)0*L»0). 

Using what we have just observed, we give an equivalent definition of 
quasiregular mappings. 

Definition 2. (Equivalent definition) A localizable mapping (homeomor- 
phism) : (M,5) ^ {N,h) of Sobolev class W"/;"(M,iV) is K -quasiregular 
(-fC-quasiconformal) if the Jacobian determinant of has locally constant 
sign and if 

||D0ir < i^Det (2)0) . 
Here ||-D0|| and Det (D0) are the normalized Hilbert-Schmidt norm and the 
determinant of Z)0 defined as 

||Z)0|| =^Vtr(Z)0*Z)0) 
y n 

Det (Z)0) = det(Z)0*Z)0). 

The definition is just the (positive) square root of Definition [1] of quasi- 
regular mappings. It also explains the appearance of K squared in the first 
definition. 

We have defined traces and determinants that we have claimed to be 
coordinate invariant. To see the invariance, note first that the mapping 
Z)0*D0 is a mapping from TpM to itself at each point p G M. Also, a 
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general (J) -tensor field can be regarded as a fiber preserving linear mapping 
TM — > TM. The trace and the determinant of linear mappings from a 
vector space to itself are independent of the choice of a basis. It follows that 
the defined traces and determinants of Dcp and g~^(p*h and more generally 
for (g) -tensors fields are independent of the local framing. In particular, the 
definitions are independent of the choice of a local coordinate frame. 

Remark. A (J)-tensor g~^T, T G Tq{M), thought as a linear bundle map 
TM TM, has also a well defined eigenvalue equation 

g-^T{X) = \X. 

The coordinate independent eigenvalues that naturally depend on the point 
of the manifold are functions on M. The eigenvalues are solutions to the 
coordinate invariant equation 

Det (T - Xg) = det [g'^T - Xl) = 0. (2.3) 

We will use this fact to make calculations in arbitrary coordinates and local 
frames. 

Wc end this section with an example that consider how the flow of a 
vector field generates distortion. 

Example. Let X be a (say C^) smooth vector field on [M,g). We study 
the quasiconformality of the flow 0j generated by X by calculating the time 
derivative of the distortion function K(t). 

Define g{t) = (j)^g. We take the traces and the determinants with respect 
to g unless otherwise indicated. Elementary calculations together with the 
identity 

%t(ff(t)) = Det(5(t))TVt(^(t)) 



yield 



dt 



dt dtBet{g{t)) \TT{g{t)) ^^yv/y 



We can write the equation above as 

^^^^ = ^^^^TV7^^'(^^*^ " ^* (5W)5(i))- (2.4) 

Let hhe a Riemannian metric on M, let T G Tq{M) and let \\-\\h denote 
the usual norm in the bundle T G Tq (M) induced by the Riemannian metric 
h, \\T\\l = tr {h-'^T^h-'^T). The invariant trace of a (o)-tensor T satisfies 
an inequality 

Trg{T)<Trg{h)\\T\\h. 

To see this, use the Cauchy-Schwartz inequality for the Hilbert-Schmidt in- 
ner product of the representation matrices of g~^ and T in an /i-orthonormal 
frame, 

uTrg (T) = tr {g-^T) < ||5-^||i/5||r||^5 = tr {g-^' \\T\\hs 
<tv{g-')\\T\\HS = nTrgih)\\T\\h. 
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Applying this inequality with h = g{t) to (|2.4p gives 

Tl 

Kit)<Kit)-\\git)-'Trt m)9imm- 

The Riemannian inner product, its induced norm and the invariant trace 
of any tensor T behave naturally under pullbacks, 

ll^llgU = \\(t'*T\\<i>*g, Tvg (T) = Tr^*^ {(j)*T) . 

Also, the time derivative of g{t) is the pullback by (pt of the Lie derivative 
of g in the direction of X (cf. P, p. 13]), 

g{t) = 4>*t^xg = 4>*tm- 

With these identities we can write 

\\git)-TTt {g{t)) g{t)\\g(^t) = \ \<Pt^xg - Ti^^g {(plCxg) (PlgWr^g 

= W^xg - Tr{Cxg) g\\g\^t = \\SX\\g\^^. 

The notation SX refers to the Ahlfors operator S applied to X. The kernel 
of S defines conformal Killing vector fields [20]. Together with Gronwall's 
inequality we see that the quasiconformality constant under the flow of the 
vector field X is controlled by the supremum g-norm of SX: 

K{t) < exp(tn||5X||oo/2) . 

The flow of X is a family of i^(t)-quasiconformal mappings with K[t) given 
above. We have recovered an analogous result to the one given in j20j . 

3. Basic properties of quasiregular mappings 

The definition of Riemannian quasiregular mappings is natural in the 
Riemannian setting and generalizes the standard definition of quasiregular 
mappings on R". To compare the new definition with the standard def- 
inition of quasiregular mappings on R", let the manifolds in the defining 
equation ()2.ip be Euclidean domains in R" with Cartesian coordinates. In 
Cartesian coordinates the Euclidean metrics g and h are the identity matri- 
ces I. We have 

-mwl < -\\m\ls = -tr{Dcp*Dcp) = Tr {cp*h) = -\m\h < \m\l 

n n n n 

where we have denoted the operator norm and the (unnormalized) Hilbert- 
Schmidt norm by || • ||i and || • \ \hs respectively. Moreover, the right hand 
side of the distortion inequality (j2.1|) . for g = h = I, now reads 

Det ((/>*/i) = det (L>0)^ . 

Together these show that a X-quasiregular mapping on M" in the standard 
sense (as defined by (jl.ip ) is a Riemannian quasiregular mapping with the 
same quasiregularity factor K. 

On the contrary, a Riemannian ii'-quasiregular mapping between Eu- 
clidean domains on R" is a n"/^ii'-quasiregular mapping in the standard 
sense. The quasiregularity constant •nT'/'^K in this case is not the best one 
in general. For example, 1-quasiregular mappings on R" are 1-quasiregular 
in both new and old definitions. This can be seen from the next proposition 
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below. The difference in the quasiregularity constants on is an effect of 
the different norm used for the differential of the mapping. 

We call the {]) -tensor g ^(j)*h the distortion tensor^ which is the (un- 
normalized) generalization of that used in the theory of quasiregular map- 
pings on M" ^10,, p. 100]. It is worth noting that the distortion tensor has 
non-negative coordinate invariant eigenvalues for any (weakly difFerentiable) 
mapping (f) : (M, g) — )• ( A^, h) . The coordinate invariance of the eigenval- 
ues follows from the remark of the previous section. The eigenvalues are 
thus functions on M, and, if the mapping is assumed to be of Sobolev class 
Wi^^{M,N), the eigenvalues belong to L^^^{M) due to the inequality 

A<tr(5-V*/i) G^ro'l'W- 
When the mapping cf) is X-quasiregular, the ratio of the maximum and 
minimum eigenvalue is in addition bounded a.e. by n^K'^: 

K^>Tr{4>*hr/Det{^*h) = l,(Y,x)j /Il>^^>^Y^■ (3-1) 

\ i J i ^mm 

If (p is conformal, the only eigenvalue of the distortion tensor is the conformal 
factor c of the mapping with multiplicity n. 

Proposition 3.1. A non-constant Riemannian 1-quasiregular mapping <p : 

(M, g) — )• (A^, h) is conformal, 

4>*h = eg a.e., 

for some positive function c. Here (/>*/i is defined by the weak differential of 
0. 

Proof. It suffices to prove the claim locally. Any local matrix representation 
of g^^(j)*h has positive eigenvalues Aj a.e. This follows from the fact that 

^ a.e. by Theorem [33] and therefore g~^4>*h is a product of symmetric 
positive definite matrices a.e. 

The inequality of arithmetic and geometric means shows that the function 

Tr(r/i)"-Det(,/.*/i) = (^i^ (Ai + • • • + A,)" - Ai • • • A„ (3.2) 

has a minimum for positive Aj. This happens exactly when all the Aj's 
coincide, Aj = A. Now, the condition of 1-quasiregularity yields 

TV (</.*/i)" < Det {cp*h) = Ai • • • A„ < (^i^ (Ai + • • • + XnT = {'P*hT • 

Accordingly, the minimum of the function in (|3.2|) is achieved, and we have 

g'^(p*h = A^AA = A Id a.e. 

Here A is the diagonalizing orthogonal matrix field of the local coordinate 
representation of g~^4'*h. The matrix A is the diagonal matrix, which has 
the eigenvalue A (of multiplicity n) as the diagonal entries. □ 

The definition of Riemannian quasiregular mappings can also be inter- 
preted as a definition of quasiconformal metrics by inserting = Id into the 
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definition. We say that two Riemannian metrics g and h are quasiconfor- 
mally related if the relation 

holds for some constant K > 1. 

The quasiconformality relation, which we denote by ~, is an equivalence 
relation in the set of Riemannian metrics. This is shown in the proposition 
below. We write Ai for the set of all Riemannian metrics on M with no 
prescribed regularity properties and Map(M, M) denotes the general space 
of functions on M. 

Definition 3. The distortion function is the function x — >■ 
Map(M,M), 

We record for future reference that for any mapping (j) : M ^ N the 
distortion function satisfies 

K^{^*h, ^*k) = K^{h, k)\^ (3.3) 

at the points where the (weak) Jacobian matrix of (j) is invertible. Here h 
and k are arbitrary Riemannian metrics on N. This fact is essentially a 
statement of the coordinate invariance of K^. 

Note that a mapping satisfies the distortion inequality ()2.ip exactly when 
the distortion function applied to g and 4>*h is bounded on M. The distortion 
function is invariant under conformal scaling of either or both the metrics g 
and h implying that the notion of quasiregularity is naturally conformally 
invariant. 

For the distortion function we have the following. 

Proposition 3.2. The distortion function K"^ : M x M ^ Map(M,]R) of 
Riemannian metrics on M has the following properties: 

(1) For g,h,k S A4 the distortion function satisfies 

K^{g, k) < rf'K'^ig, h)K^{h, k) (3.4) 

and 

K\g,h)<K\h,gr-\ (3.5) 

(2) The quasiconformality relation ~ is an equivalence relation on M. 

Proof. Let g, k and h be Riemannian metrics on M. We have 

^^l/n ^ 1 tr(g-lfc) ^ 1 tT{g-^hh-^k) 

n det(5-ifc)^/" n det{g-^hh-^kf''' 

< i ^H9-\h)tr{h-^k) ^ hfl-K\h, kf/r 

" ™ det(5-i/i)'/" det(/i-i/fc)^/" 

Here we have used the fact that trace is submultiplicative for a product of 
positive definite matrices. We have ([32 
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To prove (j3.5p . we use some standard matrix results. The adjugate matrix 
Adj(^) of an invertible matrix A satisfies 

,-1 Adj(^) 
det (A) ■ 

The fact that a symmetric positive definite matrix A has a symmetric square 
root, apphed to a norm estimate 

||Adj(^)||H5<n-("-2)/2||A||«-i 
of the adjugate matrix (see e.g. [lH|), yields 

tr (Adj(A)) = tr ((Adj(A))^/2(Adj(A))i/2^ = tr ((Adj(AV2))^Adj(^i/2 

= l|Adj(^V2)||2^^<,-(n-2)||^l/2||2(n-l) 



n 



Here 1 1 • \\hs denotes the Hilbert-Schmidt norm. Applying the above formulas 
for A = h~^g yields 

1 tr(5-i/i)" _ 1 tr(^-i)" _ 1 1 tr(Adj(^))" 



n" det (5-1/1) det(A-i) n*^ det (A)" det(A-i) 



det(A)"-^ V det(yl) 

The fact that the quasiconformality relation ~ is an equivalence relation 
follows. □ 

We now return to the study of Riemannian quasiregular mappings. Previ- 
ously we found that Riemannian quasiregular mappings between Euclidean 
spaces are quasiregular mappings on M" and vice versa. On M" the new and 
the standard definition of quasiregularity are equivalent. 

Next we consider a local version of this equivalence for general Riemannian 
manifolds. We show that if (p ■ iM,g) — t- (N, h) is Riemannian quasiregular, 
then for any p G M there is a localization of (f) at p such that the coordinate 
representation (of the localization) is quasiregular mapping on R". The 
quasiregularity constant of the coordinate representation will depend on K 
and on the coordinate representations of the Riemannian metrics g and h. 

Theorem 3.3. Let (p be Riemannian i^-quasiregular mapping between Rie- 
mannian manifolds (M, g) and {N, h). Then, for any p E M, there is a local- 
ization of at p such that the coordinate representation of the localization 
is a quasiregular mapping on M". The quasiregularity constant K of the 
localization depends only on K and on the coordinate representations of g 
on U and h on V . 

Proof. Let p € M. Choose coordinate neighborhoods (C/, Tp) and {V, ip) 
around p and 0(p) such that (t){U) ddV . The coordinate representation of 
(j) is of Sobolev class Wi^^{U, V). By the continuity of g and h we have 

K{'^*I,g) <KionU and K{h,ip*I) < K2 on V. 
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It is sufficient to sliow tliat tlie distortion of tlie coordinate representation 
if o (j) o tp'^ : U ^ V oi (j) with respect to Euclidean metrics is bounded. 
By ([331) and ([331) we have 

X K^{{i)-^yg, {(j) o ij-'^yh) K^{{^ o {^o(f)o ip-^yi) 

= n^^K\ri,9)U-^K\g,^*h)K\h,ip*I)\^,^-^ < n^^KfK^Kl 

Here we have used ()3.3p and the chain rule of differentiation, valid for com- 
positions of smooth and Sobolev mappings (see e.g. [H]), to deduce that 

{ipo(i)o Tp-'^yi = {(po ip-^yip*!. 

□ 

We are now ready to state the basic properties of Riemannian quasiregular 
mappings. The following theorem considers mostly the analytic properties 
of quasiregular mappings, which all follow from the well-known correspond- 
ing statements of quasiregular mappings on M". The theorem in particularly 
states that the standard formulas for derivatives and integration of smooth 
mappings are valid a.e. for Riemannian quasiregular and Riemannian qua- 
siconformal mappings. 

Theorem 3.4. Let a mapping (p : {M,g) — t- {N,h) be Riemannian K- 
quasiregular and assume that g and h are continuous. Then the following 
hold: 

(1) The mapping (p is differentiable a.e., and at the points where the dif- 
ferential exists, it coincides with the weak differential. The mapping 
(j) can be redefined on a set of measure zero to be continuous. 

(2) Let u G Wl^^{N). Then (P*u = uo(P is of Sobolev class Wj-^^iN) 
and (/>*tt satisfies a.e. the chain rule of derivation: 

di{uo (p) = dau\(pdi(p"' i.e. d(p*u = (p*du. (3-6) 

Moreover, 

\d{u o ^)\^ < n^'KBet (DcP) (p*{\du\l) a.e. 

(3) If the mapping (p is non-constant (and redefined to be continuous), 
then it is open and discrete. The Riemannian Jacobian determinant 

Det (DcP) = Vdet (g-^^h) G LI,{M) 

of (f) is non-vanishing a.e. in this case. 

(4) If ^p : {N,h) — )■ {L,k) is another Riemannian quasiregular map- 
ping, with quasiregularity factor K', then the composition ip o (p is 
n^/'^ K' K -quasiregular . Moreover, the chain rule holds for the differ- 
ential of the composition: 

D{i; o(P) = Dtp\^ o Dtp a.e. (3.7) 

In particular, we have 

o (pyu = tP^(t>M and ii; o 0)*T = (t>*ij*T (3.8) 

holding a.e. for any vector (field) U of M and covariant tensor (field) 
T of L. 
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(5) If (p is in addition a homeomorphism, and thus A'-quasiconformal, 
its inverse is i^"'~^-quasiconformal. Also, integration by substitution 
is valid: 



Here / is any integrable function on N. 

Proof. Since (j) is localizable, we can choose atlases {J/ajogN and {Vsj/sgN of 
M and N such that for any a E N there is /? E N such that (t){Ua) CC Vg. For 
any a and a corresponding /3, the coordinate representation of the restriction 
4>ai3 Ua ^ Vp \s a, quasiregular mapping on by the previous proposition. 

(1) — (3): With respect to the Lebesgue measure on R", the coordinate 
representation (pap is differentiable a.e., and, at the points where the dif- 
ferential exists, the differential coincides with the weak differential |2H p. 



Each localization of (j) can be redefined on a set of measure zero such that 
the resulting localization is continuous Ch. 7]. The redefinitions made in 
different local coordinates agree: Let (j)i and 02 be continuous redefinitions 
of (f) on Ui and U2 with f/i n C/2 7^ 0- Assume that there exists g E C/i n [/2 
such that 01 (g) / 4'2{q), 



Here | • | is the Euclidean norm in coordinates. There is a neighborhood U 
of q such that 



for all p £ U. Since (pi and (p2 agree a.e., there exists p' G U with (pi{p') = 
(p2{p')- We have 



which is a contradiction. 

If (j) is non-constant and continuous, then it is open and discrete; see 
e.g. [22j. The Jacobian determinant of (p^ii is non- vanishing a.e. in this 
case [lOl Thm. 16.10.1]. The chain rule holds by [lUl Thm. 16.13.3]. 

Let us denote by (•, •) the standard inner product of vectors in R". We 
have 



\d{uo(P)\l = {Dfdu\^,g-^Dfdu\^) = {du\^,h-\{h\^D(Pg-^D<P^)du\^) 

< tr {D(Pg-^D(P^h\^) \du\l o = tr {g'^<p*h) \du\l o 

< n"/2K2/nj3g^^ (0*/l)l/" \du\l o 0. 



In the second line we have used the fact that the matrix h\^D(pg^'^D(p has 
positive eigenvalues a.e. We have proven (1) — (3). 

(4): First we have to show that the composition ijj o (p \s localizable. 
Let p E M. By the definition of the localizability there exist an open 
neighborhood V of (p{p) and a coordinate neighborhood (VF, {z^}) containing 
'ip{<p{p)) such that ip{V) CC W. Since (p can be assumed continuous by part 
(1), we have that U := (p'^iV) is open. Thus ■0 o maps a neighborhood U 




84]. 



\Mq) - Mq)\ = ^ > 0. 



\Mq) - Mp)\ < e/2 and \Mq) - Mp)\ < e/2 



\Mq) - Mq)\ < \Mq) - Mp')\ + \Mp') - Mq)\ < 
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of p into a coordinate neighborhood W of ip{cj){p)) with {ip o 4'){U) CC W . 
That ifj o (j) has locally constant sign follows from chain rule ()3.6p . 



By the definition of the Sobolev space H^^^'J^(M, A^), the component map- 
ping V'* = -z* o is of Sobolev class Wl^^iV). By part (2) of this theorem, 
the composition t/j^ o (p belongs to the Sobolev space Wi^^{U) and satisfies 

dj{^'o^) = dk^%d,^'' a.e. 

It follows that -0 o (/) G Wi^^{M,L) and that the chain rule holds a.e. The 
pushforward and pullback formulas are consequences of the chain rule. 
The distortion inequality follows from 

K^{g, {ip o (j))*k) < n^'K^ig, (l)*h)K^{(l)*h, 



holding a.e. Here we have applied the pullback formula ()3.8p with T = k, 
the inequality (j3.4p . and the fact that the Jacobian determinant of is 
non-vanishing a.e. The latter implies that (jS.Sp holds a.e. 

(5): The inverse of (j) is localizable as a continuous mapping. From the 
theory of quasiconformal mappings on M" it follows that the inverse is of 
Sobolev class W^/;"(iV,M); see e.g. p. 215]. We use Proposition [3j to 
calculate the distortion of 4>~^: 



Beth {(t>-^*g) det {h-^D{ct>-^)Tg\^D{(t>-^)) 
tr {(DcP^hl^D^r^g) 



Aei{{D4>Th\^D<i))-^g) 
<K\h,^*gT~\-^ < (K2)n-1 



K{^*h,g)\^- 



Here we have used the chain rule ()3.6p for the composition of a W^^^ mapping 
</>~^ and the quasiconformal mapping (j) together with the fact that the 
Jacobian determinant of (j) is non-vanishing a.e. to deduce that 

{Dqy)-' = a.e. 

We conclude that (p"^ is quasiconformal. 

For the integration by substitution formula we choose a partition of unity 
subordinate to {Ua} and apply [21, p. 99]. We have 

/ / o 0Det {D^) dfig = y^ [ ipafo^\J^\ det (h) "^l" dx^ 

JM ^ J(7c 



□ 



3.1. Convergence theorem. We continue with a convergence theorem for 
Riemannian quasiregular mappings. For this, we first define a natural topol- 
ogy for Riemannian quasiregular mappings. 
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For quasiregular mappings on M" the natural topologies are the weak 
Sobolev Wl^^ topology and the compact-open topology. A sequence of K- 
quasiregular mappings converging in either of these topologies converge to a 
quasiregular mapping [10^ [22] with the same quasiregularity factor K. The 
analogue of (weak) Wi^^ convergence of mappings in W^'^{M, N) we use is 
the following. 

Definition 4. A sequence {cpi} of Sobolev W^''^{M, N) mappings converge 
(weakly) to (/> : M — )• in W^''^{M, N) if is localizable and if for any 
localization cf) : U ^ V there is Njj such that 

MU) cc V 

for all i > Njj and 4>i : U ^ V converge (weakly) to (j) : U V in 
W^''^{U,V). The convergence in Wi^^{M, N) is defined analogously. 

As the definition above suggests, to infer additional properties for the 
limit mapping (p we must a priori know that the sequence and the limit 
mapping can be localized simultaneously. Therefore we introduce the fol- 
lowing concept. We call a sequence {(pi} of mappings M ^ N uniformly 
localizable with respect to a mapping (j) : M ^ N ii (p is localizable and if 
for any localization (p : U ^ V there is Njj G N such that (pi(U) CG V for 
i > Nu- 

Let d and e be the distance metrics induced by the continuous Riemannian 
metrics g and h on M and A^. It is well known that for smooth Riemannian 
metrics the topologies induced by d and e coincide with the original topolo- 
gies of the manifolds. The same is true also for continuous Riemannian 
metrics. This can be seen from the proof of this fact in the smooth case 
presented in [H Thm. 1.18]. We have the following. 

Lemma 3.5. Let {(pi} be a sequence of continuous mappings {M,d) — )■ 
{N, e) converging uniformly on compact sets to (p : M ^ N. Then {(pi} is 
uniformly localizable with respect to (p. 

Proof. By the uniform convergence, the limit mapping (p is continuous and 
thus localizable. Let p £ M and choose a neighborhood U of p and a 
coordinate neighborhood V of 0(p)such that (p{U) CG V. Choose 5 > 
such that 

e{(P{x),(P{p)) <D/A 

if X G B{p,d). Here D is the distance diste{(p{p) , dV) . Since (pi ^ (p uni- 
formly on B(p,S), we can choose an integer A^ such that 

e{(Pi{x),(Pix)) <D/i 

for all X G B{p, S) and i > N. Now, let x G B{p, 5) and let i > N. We have 

e{(P^{x),^{p)) < e{(Pi{x),(P{x))+e{^{x),(P{p)) < D/2. 

□ 

As noted before, a sequence of -fC-quasiregular mappings on M" converging 
weakly in Wj'^"' converges to a AT-quasiregular mapping [10] . It is also a fact 
that a sequence of quasiregular mappings on M"' converging uniformly on 
compact sets converges weakly on W^^^ [22j. These remarks together with 
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the previous lemma allow us to prove a natural convergence theorem for 
Riemannian quasiregular mappings. 

Theorem 3.6. Let a sequence {(pi} of Riemannian i^-quasiregular map- 
pings (M, g, d) — )• {N, h, e) converge uniformly on compact sets to (p. Then 
(p is Riemannian i^-quasiregular. 

Proof. Since Riemannian quasiregular mappings are continuous, (p is localiz- 
able by the previous lemma. Let p G M and let : C/ — )• 1^ be a localization 
of (p at p. Applying the previous lemma again, we may assume without loss 
of generality that U is compact and that (p{U),(pi{U) CC V. 

Let us first show that (p : U — )• is of Sobolev class wl^'^{U,V). The 
coordinate representations of (pi are -fC-quasiregular mappings on (by 
Thm. 13. 3p converging uniformly on compact sets to the coordinate repre- 
sentation oi (p : U ^ V . It follows from the proof of Theorem 8.6 in [22] 
that the coordinate representations converge weakly in W^''^{U,V) to a K- 
quasiregular mapping on M". Thus (p G W^''^{U,V), and since U was arbi- 
trary, we have (p G Wl;'^{M,N). 

By passing to a subsequence we may assume that either J^. > or J,^^ < 
a.e. on U for all i. We may further assume the first condition, J^j,. > a.e. 
on U for all i, for the proof of the other case is analogous. Since the limit 
mappings (p : U V \s quasiregular on M" we have J,^ > a.e. on [/. It 
follows that J(f, has locally constant sign. 

It remains to show that the distortion inequality 

\\D(p\Y' < KDet {D(p) 

holds a.e. for the localization (p : U ^ V. We prove this by modifying the 
proof of the analogous theorem for quasiregular mappings on M"- [1U\ Thm. 
8.7.1.]. We begin by showing the lower semicontinuity of the operator norm. 



||L>0|rdx < lim.inf / \\D(Pi\\'^dx 



(3.9) 



We use a modification of a standard argument [141 Thm. 2.11]. Let us first 
show that the weak convergence of D(pi in L^{U) implies that (ho(pi)^/'^D(pi 
converges weakly to {h o 0)i/2/)0 in L"(C/). 

Let ip G L"(C/)* and denote ki = {h o (/>/)i/2 ^nd k = {h o (P)^^ . We have 



'ipkiD(pi- / tpkD(p 
u Ju 



< 



u 



ip{ki - k)D(pi 



< 



+ 



- k)D(P, + / ^pk{D(P, - D(P) 
u Ju 



u 



ipk{D(pi - D(p) 



< \\ki-k\\ciu) / mD(Pi\ + 
Ju 



< Wki 



+ 



\C(U) 



^pk{D(pi - D(p) 



\n/{n-l) 



ijk{D(pi - D(p) 

u 

n-1 



u 
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Here the norms | • | are understood as the Hilbert-Schmidt norms where 
apphcable. We have used Holder's inequahty in the ultimate inequality. 
Since /cj — )• A; uniformly and the weakly convergent sequence D(pi is bounded, 
we conclude that kiD(f>i — )• kD(j) weakly in L'^{U). 

To simplify the following argument, let us now denote hi = h o and, 
with a slight abuse of notation, let us also denote h = h o (j). Consider the 
linear functional L on the space of L" integrable n x n matrices L^{U, M"^") 
defined by 



L(T) = j ||L»0|p-2tr (g-iZJ^^/ii/^r 



1/2 



where T G L"(C/, E">^"). Since \\D4>\\''^^g-'^h^/'^ G L"/("~i)(C/, IR">^"), the 
dual of L"'(C/, R"^"), the functional L is continuous by Holder's inequality. 
By the weak convergence of {ho(j)ifl'^D(f), we therefore have 

j \\D(I)\\'' = limL{hy^D(l)i) =lim J \\D(l)\\''-hT (^g^^ Dcj)'^ h^/^^^ Dcj), 

<liminf / \\D<f>\\''-'^tT: {g-'^DcfhDcpy^^ tv {g^^DcpfhiDcp,) 
Ju 

= liminf / \\D^\r-^\\D^i\\ 
Ju 

Here in the second line we have used the Cauchy- Schwartz inequality for the 
Hilbert-Schmidt inner product of matrices and in the last line we have used 
Holder's inequality. Diving by 

[ \m\' 

Ju 

shows the lower semicontinuity of the operator norm ()3.9p . We also note 
for later use that the same argument applies if we multiply both of the 
integrands of the inequality (j3.9p by any positive test function. 

We show next that, for any positive test function ip £ C^{U) = D, we 
have 

/ ipBetiDcjji) I ipDet{Dct>). (3.10) 
Ju Ju 

Since J^. > a.e. on U, we have Det (L>0i) = det (^g~^h\^.^^^'^ J^.. The 
sequence det {g~^h\(j,^) G C{U) converges to det (5~^/i|^) uniformly on U. 

For simplicity, let us denote Oj = det (^g'^h]^.^^^"^ and a = det (^g~^h\^y^'^ . 
We have J^^ in V by [10, Thm. 8.2.1].' It follows that 

Ju 

for all i large enough for some finite constant D. Let e > and choose 
a* G C^(U) such that ||a* — a||(7(;7) < e/D. The standard approximation 
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technique yields 
VjDet {D(f)i) 



if Det {D(j)) 



u 



U Ju 



< 



+ 



+ 



u 



LP {ai - a)J^^ 
(f {a* - a)J^ 



+ 



u 



+ 



u 



<\\ai - <A\c{U) / 'fJ<t>, + \\<^-<^*\\c{U) / 'fJ<t>.. 



u 



u 



Ju 



a\\ciu) / ^J<f>- 
Ju 



Taking the limit i — t- oo shows that the right hand side is at most 2e. Since 
e was arbitrary, we have p.lOp . 

Finally, the distortion inequality follows from ()3.9p and ()3.10p since 



(p||D(/)|r < liminf / ip\\D^i\r 
u Ju 

< Klim 93 Det (Dcpi) = K ipDet {Dcj)) 
Ju Ju 



for all positive test functions <p. 



□ 



In this section we studied the basic properties of Riemannian quasiregular 
mappings. We proceed to study how Riemannian quasiregular mappings act 
on the space of conformal structures. 



4. Invariant conformal structure of a quasiconformal group 

We apply the Riemannian definition of quasiconformal mappings and the 
results of the previous sections. We study the action of a group of K- 
quasiconformal mappings on the space of Riemannian metrics on a manifold. 
The result is a generalization of a result by Tukia Thm. F]: 

Theorem. Let G be quasiconformal group of mappings <j) : U ^ U, U open 
in M" U {00}. Then there is a G-invariant conformal structure fi on U. 

A quasiconformal group consists of quasiconformal mappings with a same 
quasiconformal factor K. A G-invariant conformal structure of a quasicon- 
formal group on R" is a measurable symmetric positive definite matrix field 
//(x) G ]g"X" such that all the mappings of the group G satisfies a.e. the 
Beltrami equation: 

D^{xffi{^{x))D(l){x) = J^{xf/'''n{x), G G. 

The determinant of the conformal structure is normalized to 1. 

On a Riemannian manifold {M,g), we define a conformal structure to 
be a Riemannian metric whose (7-invariant determinant equals 1 a.e. We 
do not assume other regularity assumptions on conformal structures other 
than measurability. Equivalently, a conformal structure can be understood 
as a measurable Riemannian metric whose volume form equals a.e. that of 
g (cf. |15)). A conformal structure h is an invariant conformal structure for 
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a quasiconformal group G if every mapping of the group is conformal with 
respect to h: 

(f>*h = ch a.e. on M, (p £ G. 

Here the conformal factor c = c,^ is positive a.e. and can be solved by taking 
the determinant of the equation: 

c = Det;, {(t)*h)^/'' = Betg [(l)*gf''' = Det<, [Dcjjf/'' . 

Here the second equality holds by the assumption that the invariant de- 
terminant of h equals 1. We prove the following theorem that generalizes 
Tukia's result to general Riemannian manifolds in the countable case. 

Theorem 4.1. Let {M,g) be a Riemannian manifold with a continuous 
Riemannian metric g and let G be a countable quasiconformal group on M. 
Then there is a measurable Riemannian metric h such that the equation 

(p*h = ch 

holds a.e. on M for all mappings in the group G. Here c depends on (p. 
The volume form of h equals that of g a.e. 

Conformal structures are sections of the bundle S of positive definite 
symmetric 2-covariant tensors on M whose g-invariant determinant equals 
one. The bundle S admits a special geometry that we employ in the proof 
of the above theorem. 

4.1. The bundle S. Let {M,g) be a Riemannian manifold and TqM the 
bundle of its 2-covariant tensors, the tensors with two lower indices. We 
consider the subset S of TqM that consists of symmetric positive definite 
tensors A whose invariant determinant 

Det {A) = det {g'^A) 

equals one. We give S a fiber bundle structure over M, which will have 
the following properties. The fibers of S are naturally diffeomorphic to 
the manifold V of positive definite symmetric determinant one matrices. 
A transition function of the bundle S can be taken to be a mapping from 
an open subset of M to the set of orthogonal matrices 0(n). That is, the 
structure group of S is 0(n). The construction of the fiber bundle here 
follows an accessible introduction to fiber bundles of [5j. 

Let us start by constructing local trivializations for S. For this, choose a 
(continuous) orthonormal coframe {e*} on an open subset U of M. We can 
write an element A £ TqU H S as 

A = Aijs' (g) e^. 

Here the components Aij define a positive definite symmetric matrix. In an 
orthonormal coframe, it also holds that det (A) = det = Det (A) = 

1. Thus A can be identified with a matrix of the manifold V. A local 
trivialization is a mapping 

%b -.TT-^U xV, A^ {7r{ A), Aij), (4.1) 

where vr is the restriction of the bundle projection TqM — )■ M to 5 — )• M. 
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If {ip, V) is another triviahzation corresponding to an orthonormal coframe 
{e*}, we have a representation for A £ ^^^{U CiV) as 

A = Aije" (g) e^. 

Since any two orthonormal basis are related by an orthogonal transforma- 
tion, it follows that 

A = Aiji"- (g) = Aij{he') (g (he^) = Aijhi.e'' (g hje'', 

where h = (/i* ) G 0{n) is an orthogonal matrix. Therefore, the matrices 
{Aij ) and {Aij ) representing the same A £ S are related by 

A = h^Ah. (4.2) 

A transition function cuv &t p £ U OV is a diffeomorphism of V. By the 
calculation above, we have 

cuvip)[A] = h{pfAh{p), 

where h : U CiV ^ 0{n). Thus S is an 0{n) fiber bundle over {M,g) with 
fibers diffeomorphic to V. We call V the typical fiber of S and a fiber vr~^(p) 
over p £ M is denoted by Sp. 

The set V of positive definite symmetric matrices with determinant 1 is 
a smooth manifold. It can be identified with 

SL{n)/SO{n). 

We equip V with a Riemannian metric defined by 

g^{X,Y):=tv{A''XA~'Y), A£V, X,Y£TaV. 

The bilinear symmetric form g^ is indeed a Riemannian metric. The positive 
definiteness can be seen by writing 

g^{X,X)=tT {A-'XA-^X) = \\A-^/'XA-^/Yhs- 

Here || • \ \hs is the usual Hilbert-Schmidt norm of matrices. The equality 
follows from the fact that positive definite symmetric matrices have sym- 
metric square roots and the fact that tangent vectors of symmetric matrices 
are symmetric. 

The Riemannian metric g^ is invariant under the action 

Z[A] = I det (Z) Z £ GL{n), A£V 

of the general linear group GL{n). Geometrically {V,g^) is a complete, 
simply connected, globally symmetric Riemannian manifold of negative cur- 
vature [251 El IS] . 

The geometry of V extends naturally to the fibers of S. Let us first con- 
struct a fiber metric for S. A fiber metric of a fiber bundle is a Riemannian 
metric for each fiber tt~^{p). It is an inner product for tangent vectors 
X,Y £ Tatt'^{p), where A£tt-^{p). 

For the construction of the fiber metric, let p £ M, A £ vr^-'^(p) and 
X,Y £ TATr~^{p)- By definition, tangent vectors X and Y of TA'n'^^{p) are 



A RIEMANNIAN DEFINITION OF QUASIREGULAR MAPPINGS 



21 



given by paths Ai (t) and A2 (t) through Aimr ^ (p) . In a local trivialization, 
we have 

Ai{t) = {7r{7r-\p)),Auj{t)) = {p, + tAuj{0) + 0{t^)) 
A2it) = iTTiTr~\p)),A2ijit)) = {p,Aij+tA2ijiO) + 
We define an inner product for X and Y using the local trivialization as 

{X, Y)a := tr (yl-iii(0)>l-ii2(0)) . (4.3) 

It is the 5^-inner product of the representation matrices. 

The inner product of ()4.3p is well defined. If A, Ai(t) and A2{t) corre- 
spond to another trivialization, we have 

= (h^Ah)-^ = h-^A-^h-^ 
ii(0) = h^Ai{0)h 
i2(0) = h^A2{0)h 

yielding 

(X,y)A = tr((/i-^i-i/i-^) (/i^ii(0)/i) (h-^A-^h-^) (h' A2{0)h] 
= tr (a-'A,{0)A-^A2{0)' 



Thus the definition of the inner product calculated in different local trivial- 
izations of 'ir~^U and 7r~^V agree in the overlap of U and V. Fibers of 5 
are isometric to the typical fiber {V,g^). 

We denote the fiber metric by , where V indicates that it is an inner 
product for the vertical vectors of S. The fiber distance is induced by 
the fiber metric . In a local trivialization it holds, with a slight abuse of 
notation, that 

d^{A,B) = (F{A,B). (4.4) 

Here A and B on the right hand side denote the corresponding representa- 
tions of A and B in the local trivialization. On the left hand side A and B 
are elements of a fiber of S. 

We define the determinant normalized pullback 0^ of a (weakly) diff'er- 
entiable mapping (p : M ^ M with a non- vanishing determinant. It is 
the pullback of 2-covariant tensors whose determinant is normalized by the 
formula 

cP*A 

(ppjA := 

Detgirg)'/'' 

The invariant determinant of a tensor A £ is preserved: 

, , , det (g-^D(f)'^ AD (p) , . . 

For each p G M, the normalized pullback is a mapping from the fiber of S 
over (t){p) to the fiber of S over p. 

Finally, we check that the normalized pullback is an isometry between the 
fibers 5^(p) and Sp of S equipped with the fiber metric g^ for any p G M. 
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To simplify the notation, let us denote for a while F = (pj^ : ^^(p) — )• Sp. 
With this notation, the isometry condition for reads 

g^(^^){F,X,F,Y)=g\{X,Y), (4.5) 

where is the pushforward of F and X,Y £ TaS^(^p), A £ 5^(p)- To verify 
this, choose paths X{t) and Y{t) tangents to X and y at ^ respectively. 
We have 

d d D<P^X{t)D<p D^^XDc^ 

— -T:\t=0'pN^{'^) — lT|t=0- 



dt' dV det(5-V*5)'^" det (5-^*5)'^"' 

and similarly for Y . This gives 

Dcf^ADcf) \ Dcf^XDcf) 



<7^(^)(F,X,F,y) =tr 



det (5-^*9) det(5-V*5) 
D(tFAD(l) \ D(t)^YD(t> 



V det(5-V*5)^^"/ det(g-V*5)^^" 
= tr {A-^XA-^Y)=g\{X,Y) 
showing that the isometry condition holds. 

4.2. Proof of the theorem 14.11 We prove Theorem 14.11 We study a set 
valued section E oi S constructed from the normalized pullbacks of the 
mappings of the group G applied to the Riemannian metric 5 on M: 

E{p) = {rNdip) : ^ e G}. 

In case the initial metric g happens to be an invariant conformal structure 
E is just the initial metric g. Otherwise the quasiconformality condition will 
restrict the values of E such that each set E{p) C Sp belongs to a unique 
smallest ball in the fiber metric of S. The section of S consisting of the 
centers of the smallest balls is to be an invariant conformal structure. The 
proof is a generalization of the mentioned Tukia's result [25. Theorem F] . 

Proof of Theorem \4-l\ Let G be a countable iC-quasiconformal group of 
homeomorphisms on a Riemannian manifold (M, g) . The countability of 
G together with Theorem 13.41 imply that we can find a G-invariant measur- 
able subset N of M which is of full measure and every (p G G is differentiable 
on with a non-vanishing Jacobian determinant. By the properties of N, 
we can define a set valued section E : N ^ S hy 

E{p) = mgip) : ^ e G}. 

The Riemannian iT-quasiconformality of the mappings in G will give a 
uniform bound for the diameter of each set E{p) C Sp. To see this, let 
p £ N and <j) £ G he arbitrary, and choose a local trivialization of 5 on a 
neighborhood of p as in ()4.ip . We calculate the fiber distance between 
and g at p. In a local trivialization, we have by (|4.4p that 

d^{gip),cP},g{p)) = d^{g{p)A*N9{p)). (4.6) 

On the right hand side we have the distance of the representation matrices 
in the typical fiber V. 
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In the local trivialization, the representation matrix of g is just the iden- 
tity matrix /. Accordingly, the representation matrix of (t)*g equals that of 
g~^cj}*g. Therefore the equation (j4.6p reads 

d^{g{p)AN9{p)) = dP{I,9-\pWN9{p))- 

It is shown in p. 27] that the distance of an element A £ V from the 
identity matrix I is given by 

d^(I,A) = ((log^l)2 + ... + (log/i„)2)l/2^ 

where //j are the eigenvalues of A. Let us denote by //j the eigenvalues of 
g~^{p)(p*j^g{p)- We observed in (j3.ip that the ratio of the largest and smallest 
eigenvalue of g~^cl)*g is bounded by n^K'^. Of course, the same bound holds 
for all the ratios Xi/Xj of the eigenvalues Aj of g~^cl}*g, i,j = 1, . . . ,n. We 
have 

Ai • • • A„ 

and it follows that 

dl{9{p)AN9{p) = ((log/Ui)2 + • • • + (log^„)2)i/2 < n'lHogn^K\ 

Since (p G G and p G M were arbitrary, the diameter of each set E{p) C Sp 
is bounded by 2n^/^ log n^K"^ independently of p. 

Let us then show that E is invariant under the normalized pullbacks of 
the mappings in the group G. Normalized pullbacks satisfy a product rule 

1P*N ° 4>*N = {(p ° i'YN, 

since the chain rule of differentiation ()3.8p holds and consequently 

Det^ {4>*g) I^Detg {rg) = Det^ ((0 o ^pfg) . 

By this product rule and the group property of G, we see that 

{(t>*NE){p) = {ct>UrN9){p) : V G G} = {(V o (pyj,g{p) : ^ G G} = E{p), 

for all (/) G G showing the invariance of E. In this sense, E can be viewed 
as a set valued solution to the problem of finding an invariant conformal 
structure for G. 

It is shown in [25] that each bounded set of V belongs to a unique smallest 
ball. Since the fibers of S are isometric to V, it follows that each E{p) 
belongs to a unique smallest ball. We denote by h the section formed from 
the centers of the smallest balls. 

We have seen that E is invariant under normalized pullbacks of the group 
and recall from ()4.5p that the normalized pullback is an isometry between 
the fibers of S. Thus the unique smallest balls, and in particular their 
centers, are mapped to each other by normalized pullbacks. Accordingly, 

4>nHp) = Hp), 

for every p € N and (p € G. That is 

4)*h = ch a.e. on M 

with dfig equaling a.e. d/x^. Here c = Det^ {(t)*g)^^^ . 

It remains to show that h is measurable. This follows from exactly the 
same argument as in the proof of Tukia's theorem [251 Theorem F]. Let 
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G = {(j)o, 4>i, ■ ■ ■} and approximate E by Ej{p) = {4>*j^g ■ i < j}- Consider hj 
to be the image of the mapping H, which maps Ej to the section constructed 
from the centers of unique smallest balls. Since H is continuous in the 
Hausdorff metric, it follows that each hj is measurable and that hj — )■ /i as 
j — )• oo. Hence h is measurable. □ 
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